S tr e ss-C a lc u la tio n in F r a m e w o r k s b y th e M e th o d o f " S y stem a tic R e la x a tio n o f C o n str a in ts " -I an d II
Introduction
1-Framed structures, and the principles which govern their design, are familiar to all students of engineering science. Bending and twisting actions impose stresses which range between wide limits, but a straight bar in tension or compression sustains practically the same stress at every point; therefore economy of material can be attained by constructing frameworks from straight numbers, connected at their ends and so arranged that external forces (other than those arising from the weights of the members themselves) are applied only at the joints.
In theory we may (for a first approximation) neglect entirely the effects of fixity at the joints, and substitute for the actual framework a " skeleton diagram " in which every member is replaced by a line of thrust or tension. The problem then presented will be soluble by purely statical methods, or it will involve the elastic properties of the members, according as the number of these (m) is related to the number ( /) of the joints. In a " plane frame " (where the external forces, as well as the lines of thrust or tension, are coplanar) the actions will be statically determinate if m = 2/ -3.
(1)
In a " space fram e" (having extension in three dimensions), the corre sponding relation is m = 3j -6.
(2) R e d u n d a n t F rames 2-A framework for which m and j are related by (1) or (2) is termed a " simple frame it has the least number of members which will suffice to ensure rigidity. When the number of members is in excess of this, so that m = 2j -3 + N = 3j -6 + N (for a plane framework), 1 (for a space framework),]
•the framework is said to be " redundant", and N is termed the order of its redundancy.
In the assemblage of a framework from its constituent members, the first four joints (of a space frame) can be connected by six members to form a stiff tetrahedron, and each subsequent joint can be positioned by three additional members connecting it with joints already fixed. When every joint has been thus dealt with, we have a simple frame in which the relation (2) is satisfied; and up to this stage in the assemblage it is clear that no important consequence will result if the length of any member differs slightly from what was called for in the design. But in subsequent stages, unless the length of each member is exactly equal to the distance between the joints which it has to connect, it will have to be forced into place, and in this way the framework will become " self-strained " : then, when external forces are applied, the action in any member will be •determined partly by these forces but in part by the initial self-straining. Looking at the problem in this way, we have a physical explanation of the statical indeterminacy of redundant frames.
M ethods A vailable for the C a l c u l a t io n of Stresses
3-The nature of the self-straining, and hence the action in any member "when the framework is sustaining specified loads, will evidently depend upon N quantities-the lengths of those members which were added after the simple frame was complete. Knowing these lengths, we can formulate N " elastic " equations additional to those which are given by .Statics, and in this way we arrive at equations which, by (3), are equal in number to the unknowns.* Redundant frameworks are usually treated on the basis of Castigliano's celebrated " Theorem of Least Work " , which yields the elastic equations (in relation to a framework which is not initially self-strained) as conditions for a stationary value of U, the total elastic strain-energy which is stored in the members. But essentially ■all of the standard methods are identical, being based on the principle th at load-systems may (by Hooke's Law) be superposed; and it may be added that all require, as a first step, the calculation of stresses in a " simple frame " .
Space frames, if simple, can be treated without difficulty by methods which have been described in a recent paper; f no special simplicity, therefore, attaches to problems in two dimensions. But space frames, in the nature of the case, usually contain many joints and members, and in general they are highly redundant; it is not easy to make simplifying assumptions with confidence, and hence the engineer is confronted with the necessity, according to any of the standard methods, of solving a large number of simultaneous equations. Regarded as mathematics this is a simple matter, but in practice it may prove very difficult. Those who have experience of such calculations seem to be agreed that ten o r twelve redundancies is the maximum number which can be treated, with any confidence in the accuracy of the final result.
In some instances it is possible to avoid the necessity of solving somany simultaneous equations. Thus, in the paper cited, new methods were proposed for treating frameworks of regular polygonal cross-section,, and in these only six equations (at the most) can be presented. As developed in recent papers,* they seem likely to prove useful to the airship designer; they are, however, inapplicable to the ordinary problems o f civil or aeronautical practice, in which the frameworks have no mathe matical regularity of form. The engineer wants a method which will deal with any framework, however redundant, and which does not involve: large numbers of simultaneous equations.
A-This paper proposes a method of continuous approximation, for which the following advantages may be claimed:-(a) it obviates entirely the necessity of solving simultaneous equations,, which is the main objection (in practice) to existing methods; (b) it is simple to apply, and involves only a few standard numerical processes, easy to grasp and readily checked; (c) its complexity is not dependent on the order of redundancy, and the time required for a solution, although it increases with the number of joints in the framework, does not increase rapidly, as it does when simultaneous equations are involved; (d) the joint displacements are calculated simultaneously with the actions in the members; (e) the physical meaning of each process is clear, and the order of the approximation can be judged at every stage. When this is deemed sufficient, the solution can be stopped.
Whereas, in the earlier paper, a limited class of frameworks was considered, but for these a solution was effected in general (i.e., algebraic) terms, the new method imposes no restriction on the form of the frame work, but it deals with particular problems, and solves them by processes which are essentially arithmetical. Accordingly it does not compete with, but is complementary to, the method previously described. Its results are not exact, being obtained by a process of continued approxi mation ; but this will not detract from their value to the practical engineer, who has no use for a solution more definite than the data of his problem. Summary 5. Part I of the paper is concerned with braced frameworks. The principles of the method are explained, and a suitable notation is devised whereby they can be expressed in standardized rules of procedure. These are applied to a simple plane framework, capable of exact solution by standard m ethods: in this particular instance the rate of approximation is very satisfactory.
A survey is then taken of difficulties which may be confronted when the framework has greater extension in space. It is shown that the approxi mation, although essentially continuous, may be slow unless, in the initial stages, special account is taken of the resultant actions which come upon the framework as a whole. A routine procedure is suggested for this purpose, and its working is illustrated by a second example, chosen for numerical simplicity but otherwise representative. Judged by this example, the extended method seems competent to deal with any problem which may be presented. It involves no difficult calculations.
6-Having thus disposed of the problem of primary stresses, the paper proceeds (Part II) to discuss the problems presented by stiff joints (secondary stresses). By an obvious and natural extension of the method, these can be brought within its scope; it is shown, further, that the problems of primary and secondary stress-determination can usually be separated, with considerable advantage in economy of labour. On this understanding additional rapidity of approximation may be expected when relaxation methods are applied to the secondary problem.
In this last instance the method can be identified with the " Moment Distribution Method " of Professor Hardy Cross, and accordingly some question arises of possible anticipation. Reasons are adduced for the belief that Part I of the present paper is new, and such parts of Part II as are based on an appeal to considerations of strain-energy.
I have to thank Mr. M. W. Woods, a research student working in the Engineering Laboratory, Oxford, for assistance given in the numerical computations of this paper. He is applying the method to frameworks of greater complexity, and it is hoped that an account of his work will be published shortly in some engineering journal.
PART I-THE METHOD OF SYSTEMATIC RELAXATION, AS APPLIED TO BRACED FRAMEWORKS HAYING FRICTIONLESS JOINTS G eneral Outline of the M ethod 7-Consider a framework having elastic members and frictionless joints, and imagine that we can at will impose rigid constraints, at any or all of the joints, such that movement of the joints is prevented but the ends of all members are left free to turn. Suppose that initially all joints are constrained in this way and the specified forces applied. Since the constraints are rigid, they will sustain the whole force at every joint.
Next, imagine that one constraint is relaxed, so that one joint is per mitted to travel slowly* through a specified distance in some specified direction. Then force will be transferred from the constraint to the framework, and strain energy will be stored in the latter: if the initial force on the constraint had a component in the direction of the travel, the force on the constraint will be relieved (as regards this component), and the strain-energy will be stored at the expense of the potential energy of the external forces. All joints but the one being fixed, it is an easy matter to calculate how much force will be transferred as the result of a specified displacement; therefore we can so adjust the displacement that the constraint will be relieved to any desired extent. Now let this constraint be fixed rigidly in its new position, and let some other constraint be relaxed: exactly as before, we can arrange that additional strain-energy is stored in the framework and the force on the second constraint relieved. Proceeding in this way, we shall (in general) continuously increase the amount of the total strain-energy,j* and by a finite quantity at every step. The increments tend to decrease as the constraints are relieved of load; thus the total (at least, in the final stages) tends asymptotically to its correct value.
* So that equilibrium is maintained, and vibrations are not excited. f The increase will be continuous provided that the displacements permitted in successive relaxations are in no instance large enough to reverse the sign of the force on any constraint. In general this requirement can be satisfied without difficulty, but the example treated in § § 15-17 shows that it is not essential; for the strain-energy comes finally to its correct value, notwithstanding that its value is reduced in the fourth stage of Tables III and IV. 8-The significance of the method lies in the fact that the limited freedom allowed in any one " relaxation " permits us to determine, both easily and exactly, the partition of forces between the joints. Initial calcula tions-of necessity numerous, but extremely simple-enable us to deal with any specified system of forces by a species of " account-keeping " , in which at every stage we seek to distribute, or " liquidate ", the largest force remaining on any one of the constraints. Since the external forces are self-equilibrating, they tend in the process of liquidation to meet and cancel one another. Thus, as the accounts progress, the forces not yet " liquidated " tend towards smaller m agnitudes: when all are so small as to be practically insignificant, the accounts may be closed. N o tation a n d F orm ulae
9-
We want an expression for the action in any member, as determined by its elastic properties and by the displacements of the joints which it connects. As shown in an earlier paper,* the tension coefficient of any member AB will be given by
where x A, y A, zA, and x B, y B, zB are the co-ordin initial (unstrained) configuration, and uA, vA, wA and uB, vB, wB denote the components of their displacements due to strain. fiAB is a constant defining the elastic properties of A B ; its nature will be clear from its expression for a uniform bar of length /, cross-sectional area A and Young's modulus E,-namely,
The tension coefficient of a member is defined as the tension in that member divided by its length. From this definition it follows that the force exerted at A, in consequence of the tension in AB, has components 
in the directions Ox Oy, Oz respectively; the forces exerted at B are equal and opposite to XA, YA, ZA. 10-We shall be concerned in what follows with displacements occurring at one end of a member while the other end is held fixed. Let A, in (4) and (6) where Ax, Ay, Az stand for
Omitting the distinguishing letters A, B, we have expressions for the tension coefficient of any member, and for the forces exerted by that member, in terms of the component displacement of the end which moves. These may be written as follows*:-
where u, v, w are the component displacements of the end which moves, 
11-
In the ambiguities attached to the forces in (10), the positive sign is to be taken as relating to the joint which is fixed, and the negative sign to * In written work time will be saved if the notation it, u), (x, x), . . , etc. (here adopted with a view to convenience in printing) is replaced by the notation tu, £x, . etc., which is sometimes employed to denote stress-components in the theory of elasticity. In virtue of the relations (11), the order of the symbols under the " slur " is a matter of indifference.
the joint which moves. The coefficients (x, x), . . , being of the second order in Ax, Ay, Az, will not be altered if the signs of all these quantities are reversed; they are constants depending only on the geometry and elastic properties of the member in question, and will enter into every solution obtained (for a given framework) by the method now proposed.
The coefficients (/, u), (t, v \ (t, w) , on the other hand, magnitudes depending only on the geometry and elastic properties of the member in question, have signs depending on the convention (8), in which A stands for the end which is moved. In order to calculate them initially and once for all, we must adopt some definite convention regarding the signs of Ax, Ay, A z; therefore, in the initial stages, we shall thin joint as moving which has the greater x-coordinate, so that Ax > 0; or, if Ax = 0, that which has the greater ^-coordinate, so that = 0; or, if both Ax and Ay are zero, that which has the greater z-coordinate, so that Az > 0.
On this understanding {t, u), (t, v) , (/, w) will have definite values, and (x, x), . . , etc., can be calculated from them by means of (11). The expression (9) will hold when the joint moved is such that the foregoing convention is satisfied,-otherwise the sign of T must be reversed;* and the expressions (10) will hold independently of this convention, signs being governed by the rule stated (in italics) at the beginning of § 11. T a bu l a t io n of the " Influence C oefficients " 12-The quantities (t, u), . . , (x, x), .., etc. may, for the purpose of this paper, be termed " influence coefficients." In attacking any problem, we must begin by tabulating them for all members in the manner of Table I .f Since they are dimensional, definite units of length and of force must be adopted at the outset.
It should be remembered that while the elastic properties of a member cannot be specified with great precision, and accordingly the O's are only known to one or two significant figures, the values assigned to Ax, Ay, Az,and to the quantities which are derived from them, must be consistent with the requirements of geometry. This consideration explains why an apparently unnecessary number of significant figures has been retained in some items of Table I , notwithstanding that the £Ts have been calculated by slide rule and are subject to an error of ± 0-05.
C a l c u l a t io n of F orces R e su l t in g fro m K n o w n D isplacem ents
13-We can now proceed to calculate the effect of relaxing one joint in the manner of § 7. In order to fix ideas, let A be the joint in question, let uA be the displacement permitted, and let B, C, . . , K be the joints which in the skeleton diagram are directly connected with A. We begin by con sidering the member AB.
In the operation considered, B is held fixed and A is moved. Hence, according to (10), we have whatever be the relative positions o f A and B. In view of this result, we can at once deal in the same way with the other m em bers: whatever be the positions of B, C, . . , K in relation to A, the displacement wA, in a relaxation confined to this particular joint and direction, involves forces as u n d er:
The symbol S A is here used to denote a summation extending to every member of which one end is situated at A. The effects of displacements vA , wA may be calcul vA is associated with (x, y), (y, y), (z, y), and wA with (x, z), (y, z), (z, z), as regards the forces imposed in the directions x, y, z. The significance of the notation used for influence coefficients ( § 12) is thus made clear.
Having completed these calculations, we can present the results in a second table, exemplified by Table II. 14-Each line in Table II summarizes a series of calculations of the type described in § 13. It will be observed that two lines are associated with any one type of joint-relaxation (wA, say): the first line of each pair, printed in italic figures, gives the forces associated with a unit displace ment ; in the second, the largest of these forces is reduced to 1000 and the VOL. CLI.-A. F ( 12) gives what is wanted for the calculations of the next stage, in which we seek to " liquidate," in the manner of § 8, the forces on the constraints. We can quickly multiply (or divide) its terms by any integral number, chosen so as to cancel the greater part of the largest force remaining on the constraints.! L iq u id a tio n of the U n b a l a n c e d F orces
First Illustrative Example 15-The process of liquidation is performed in a manner which will be clear from Table III . The framework chosen for illustrative purposes is shown in fig. 1 a,and has four joints and six members-i.e., redundancy4 E has the value 13,500 tons per sq. inch, and the areas of cross-section are as follows:-AC, BD, CD, 3 sq. in.
AB, 4 sq. in. BC and AD, 5 sq. in.
" Correct " values of the tensions (as obtained by orthodox methods, to three significant figures) are given in fig. Table I having been prepared from these data (the numbers relate to fig, 1 , with the ton weight and foot as units of force and length), Table II is constructed from calculations of the type given in § 13. Thus we have as the forces in the x-direction which result from a displacement uA (the relevant values of (x, x) are taken from column 8 of Table I ) These results are summarized in part of the first line of Table II . Table III can now be started by inserting the specified values of the forces at the joints. In the example now under discussion (since the * Tables of reciprocals have been used in the reduction of the displacements, a 20-inch slide rule for the forces.
t It is of no advantage (and would take longer) to cancel this force exactly, because additions will be made to it by subsequent relaxations. Division has a practical advantage over multiplication, in that unnecessary decimals are more easily rejected. + This example was set in the Cambridge Mechanical Sciences Tripos, 1932 (Draw ing A (1), question 5). F 2 reactions at the supports can be calculated by statics) we start with a self-equilibrating system of specified forces, as given in fig. la . The largest component force is Xo = -20*14 tons, and on reference to Table II we see that the most effective displacement for liquidating it is uc : accordingly we multiply by 20 the line numbered 5 (b) in Table II , and insert in Table III ( Table I I I ; the largest is 9*5 tons, instead of 20T 4 tons as formerly. Subsequent operations follow the same plan; they can be followed more easily from Table III than from a verbal description. Six simple operations suffice (in the present example) to reduce the largest of the residual forces from 20*14 to below 1 ton; three more bring it to below 0-1 ton. Brackets distinguish in each stage the residual force which has been selected for liquidation. 16-The progress of the approximation is exhibited in fig. 2 , which shows the approach of the strain-energy to its correct value (75-85 x 10~3 foot-tons) as given by orthodox methods.* Its construction calls for some explanation.
In the first stage of Table III , a load of 20 tons was transferred to the constraints by an operation of the type 5 (b). According to Table II -* Exact ' result (0 07585)- this operation involves, for 1000 tons so transferred, a displacement of 0-2146 feet; therefore the displacement allowed in the first stage was -0-02 x 0-2146 = -4292 x 10~6 feet.
Number of stages
The force Xc on the framework was zero initially and -20 at the end of the stage,-mean value -10 tons. So the strain-energy stored in the framework in the first stage was ( -10) x ( -4292 x 10-6) = 0-04292 foot-tons, as indicated by the first point in fig. 2 . Now consider the second stage of Table III . The force transferred was 9 tons, and according to Table II the To find the resulting storage of strain-energy, we must multiply this displacement by the mean force XA on the framework during the second stage. Table III shows that the force on the constraint was 9*50 tons initially and 0 • 50 tons at the end of the stage,-mean value 5 to n s; hence, since the external force was 15 tons (cf. the first line of Table III ) the mean force on the framework during this stage was 15 -5 = 10 tons, and the storage of strain-energy in the stage was 10 X (22617 X 10"7) = 0-022617 foot-tons.
The other stages can be treated similarly, with results which are sum marized in Table IV . It will be observed that the fourth stage has involved a negative addition to the strain-energy, for the reason that in that stage the displacement required to liquidate the force on the constraint had a direction opposed to the mean force acting on the framework. On this account there is an interruption, between stages 3 and 4, of the increase of the total strain-energy. This could have been avoided if we had allowed a smaller displacement (not sufficient to reverse XB) in stage 1; but it has no serious effect, since the strain-energy subsequently resumes its asympto tic approach to the correct total. C a lc ula tio n of D isplacements a n d of the A ctions in the M embers 17-When the approximation is deemed sufficient, the displacements may be calculated. The second column of Table II gives the displace ments involved by 1000 tons, and the second column of Table III gives the forces applied in the different stages. Adding the displacements involved in successive application of the same operation, we find that wA (operation 1) = 2513 X 10-7 X (9 + 3 + 0-5) = 0-00314 feet, Thus the distortion of the framework is known, and the tensions in the members can be calculated. We have from (4), as the tension coefficient ( e.g.) of the member AB, Total strainenergy 0-042920 0-065537 0 071383 0-059237 0-063008 0-072756 0-074601 0-075459 0-075593 J8 g ^Oh^^HooinooTf ...................... 3-54  -1 0 -5 3 5-74 -5-83 -11*16 4-94
which may be compared with the " correct " values given in fig. 1 Since the final displacements are obtained by addition, errors may accumulate in the last decimal place. For this reason, if the frame work under investigation is complex, it may be desirable to interrupt the standard procedure (Table III) when the approximation is getting near to what is deemed sufficient, calculate the displacements imposed up to this stage, and hence deduce the actions in the members and the forces required for equilibrium. We then have an exact solution for external forces closely, but not exactly, equal to those which are specified; and we can use this to formulate (by appeal to the principle of superposition) a new problem in which the external 'forces, being only the amounts by which the specified forces exceed those of our first solution, are largely reduced and exactly known. 18-Judged by this simple example, the method of joint relaxation leads quickly to approximations which are more than sufficient for practical purposes. We have now to examine whether comparable rapidity may be expected in problems where more joints are involved.
Consider, in this connection, the problem presented in fig. 3 . A chain of N similar rods is attached at one end to a fixed point A, and the other end K is pulled with a force P, sufficient to extend each rod by an amount e. Evidently, in the exact solution, the displacements of B, C, .., K are e, 2e, . . , N s respectively, and the total strain-energy stored in the rods is N x (IPs). We now imagine this problem to be attached by the routine method of § § 7-8.
Two alternatives are presented: either (a) we may regard A as fixed throughout, or ( b) we may impose at A the force -P required for brium, and permit movement (in turn) to all of the constraints,-correcting finally by a rigid-body displacement imposed upon the whole chain. We adopt the second procedure (6), since it gives a more rapid approximation to the required result.
When we relax the constraint at either end of the chain, the whole of the force at that end is transferred to the next constraint; when an inter mediate constraint is relaxed, the force on that constraint is transferred in equal shares to its two neighbours. It is thus easy to verify that successive relaxations lead to the sequence of stages indicated in figs. 3, 3a, b, c, d. The amount of the total strain-energy (U) rises continuously, but very slowly, to its correct value, and liquidation of the forces will evidently entail much labour if the chain is long, so that N is a fairly large number. If we had adopted the alternative procedure (a), only the joints on the right would have been affected, and strain-energy would have been stored at only one-half the foregoing rate, in the stages shown. 19-It is not difficult in this instance to see why the rate of approxi mation is slow, and to devise a remedy. The correct (final) displacements of K and of adjacent joints are large, being aggregate effects of the extensions of many rods; but the displacement permitted in any one jointrelaxation is small, since adjacent joints are held fixed. Imagine, on the other hand, that we hold A fixed but allow B, C, . . , K to move en , with their relative positions maintained constant: then the displacement o f B will at once assume its final value, and if in the second stage we fix A and B but allow C, D, . . , K to move en , C will similarly move to its final position. Proceeding in this way, we should arrive at an exact solution after N simple operations.
We are thus led to consider a type of relaxation differing only slightly from that described in § 7, to which we may give the name " block relaxa tion." Whereas in § 7 we contemplated separate constraints of which any one could be relaxed while the others remained in operation, we now imagine constraints whereby particular groups of joints are compelled to move as a whole but allowed, within this restriction, to execute any desired " rigid-body " displacement. Thus constrained, the group of joints, and the members which connect them, will constitute an inelastic " block " ; and if we imagine the whole framework to be divided into two blocks of this kind, it is clear that a relative displacement can be used to " liquidate " ( § 8) the resultant of the external forces which act on each. In any relaxation of this kind, positive work will be done by the external forces, and strain-energy will be stored as before: the resistance to 4* block displacement " will come, of course, from those members which connect joints of the one block to joints of the other. 20-The idea of " block relaxation " is a natural development of the primary notions which were explained in § § 7-8, and like them it leads to routine operations entailing only simple calculations. This point has importance, for a device which aims at saving labour will not always be justified in a method intended for practical use, if it introduces additional complexity and liability to error. The device of " block relaxation " demands rather more care than the routine method of § 7; but it is not difficult either to understand or to apply, and it permits (in problems con cerned with elongated frameworks) much more rapid approximation to the required result.
We can, in fact, develop an argument to support this contention. " St. Venant's principle " asserts that the effects of any self-equilibrating system of forces are (sensibly) confined to the region in which the system is applied; and the solution obtained in § 15 illustrates the rapidity with which our routine method will lead to satisfactory results in a problem where the extent of that region is small. Now whenever we form two blocks by an imaginary " cut " in the manner of § 19, and liquidate the resultant force on each, we divide the forces not yet liquidated into two self-equilibrating systems. Every successive " block-relaxation " involves a " cut " of this kind, and every cut divides the framework into more numerous and smaller blocks, each sustaining external forces which constitute a system of equilibrium.
Looking at the matter in this way, we see that whereas in the standard process of joint relaxation nothing is gained by an exact liquidation of the unbalanced force, greater precision may sometimes be desirable in a process of block relaxation. Finally, we may notice the advantage of " block relaxation " where the constraints are such that the reactions cannot be calculated a priori from statical principles.
F orces Involved by " Block D isplacements "
21-Let A be a joint in the block which is moved, and let it be con-* nected by a member AB with a joint B in the block which is fixed. We shall employ the symbols B/5 Bw to denote the fixed and moving block. by a negative sign relate to a joint which is , those with a positive sign relate to a joint which is held fixed in the " block ." Having performed the summations involved in (13), we can find a value for the " blockdisplacement" u which will " liquidate" a specified resultant force (X, say) on either block.* Then, having performed the summations involved in (14), we can use those expressions to calculate the forces imposed upon the several joints. The results, as before, may be pre sented in tabular form (c/. § 13 and Table II) ; but now, corresponding with a given block d i s p l a c e m e n t , we have to tabulate not only the forc involved at particular joints but also the resultant forces involved on the two blocks; and the relaxation must be specified, not by defining the particular joint which is moved, but by defining the " cut " whereby the complete framework is divided into " blocks." (b) " Block Displacement " v, in Direction O -Postponing for the moment the question of an appropriate notation for this purpose, we remark that the formulae corresponding with (13) and (14) )
Second Illustrative E xample
22-To illustrate the foregoing calculations we shall discuss the problem shown in fig. 4 . A plane framework of five bays (order of redundancy * Since the applied forces constitute an equilibrating system, the resultant forces on Bf and on Bm must be equal and opposite. N = 5) is supported at A and G and loaded at N with a force of 1000 lb ; the reaction at G is horizontal. All bays will be taken as identical,* with elastic properties as under:-E = 13,500 tons/sq. in. = 30,240,000 lb./sq. in. Cross-sectional area of top and bottom horizontals, 0*5 sq. in. Cross-sectional area of diagonals and verticals, 0*25 sq. in. Table V corresponds with Table I . 23-The loading in this problem involves a shearing action, constant throughout the length of the framework, together with a bending action which increases with the distance from the free end. Thus the dominant features of the distortion will be shear strain and flexure. We proceed to deal with the former by the method of " block relaxation."
The relevant formulae are (15) and (16). Imagining a division into blocks by the " cut " which is indicated (by a broken line) in fig. 4 , we see that the members whjch contribute to the summation m are AB, GH, AH, and GB.f Inserting values from Table V, The results of these calculations may be summarized in two lines of a table (Table VI) , generally similar to Table II . The second line is derived from the first by multiplying all forces proportionately so as to give an integral value to Yf.
2 4 -Reverting to fig. 4 , we have to neutralize a resultant force (on the right-hand block) of magnitude 1000 lb. and having a direction opposite to Oy. Making use for this purpose of the preceding results, we permit a block displacement v = -1-87 x 10~4 (feet) on all joints to the right of the cut, and so impose forces (in pounds weight) on the joints A, B, G, H, as under:-XA = + 500, XB = + 500, XG = -500, XH = -500, Ya = -500, YB = + 500, Yg = -500, YH = + 500.
The forces which remain on the constraints after this operation are as shown in fig. 5 .
We now make a new " cut " to the right of the first, as indicated in this figure by a broken line, and neutralize by a further block displacement the resultant shear on the right-hand block. Since the calculations are exactly similar to those of § 23, they do not call for detailed description. Repeating the process for new cuts made (vertically) through the other bays of the framework, we reduce the unbalanced forces, after five " block relaxations," to the values given in fig. 6 . Shear has been eliminated, but bending actions are now operative and call for liquidation by block displacements of other types. 
25-
Constraints of the type considered in § 19 will permit rigid-body rotations as well as translations, and evidently bending actions will be liquidated most effectively by the imposition of " block rotations." Accordingly we now extend the calculations of §21. As in that para graph, we imagine that A is a joint in the block (Bw) which is moved, and that A is connected by a member AB with a joint B in the block (Br) which is fixed. 
S/;W i having the same significance as in §21. In this formula, every member which connects the fixed and moving block is represented by three terms of the type y 2 (x, x), each involving an influence coefficient appropriate to that member (and calculated ab ), and one or two co ordinates, relative to the axis of rotation, of its end which moves.
Using (21), we can calculate the magnitude of the block rotation (etz) which will liquidate any given resultant bending actions on the blocks Bf, Bm. Knowing sr2, we can use (19) to calculate the displacement of every joint in Bw; and from (19) and (20) 
where S 'A, S 'B have the same significance as in § 21. These expressions correspond with (14) of § 21. A, in (22), is a typical joint of the block which is moved, and B, in (23), is a typical joint of the block which is fixed. The co-ordinates x, y associated with the influence coefficients of any member are the co-ordinates relative to the axis o f rotation o f that end o f the member which moves.
(e) " Block Rotation " crx, about an Axis parallel to Ojc-An exactly similar argument leads go the expressions -Mm = M, = rzx 2/)<n [z2 (y, y) + y2 (z, z) -2 (y, z)], A [z (y, y ) -y (y, z) ]
corresponding with (22) and (23) 26-Reverting to the problem stated in § 22, we proceed to liquidate by means of " block rotations " the flexural actions involved by the forces shown in fig. 6 .
Let a " cut " be made, as before, in the first bay; let A, G be fixed; and let the block to the right of the cut be given a rotation 73z about an axis through the middle point of BH ( fig. 4) . Then in the expressions (21) 
Similarly from (22) Here we have to liquidate a resultant moment of 4500 lb.-feet (clockwise) on the right-hand block. We deduce from (30) 28-Next, making a cut through the second bay, we liquidate the moment on the right-hand block by imposing a rotation about an axis through the middle point of C K (fig. 4) . The numerical calculations (in this particular example) are the same as before, the resultant moment being now 3500 lb.-feet (clockwise) on the right-hand block. Equation (32) is replaced by -0-25 x 3-5586 x 103 ct, = 3500, whence the required rotation is given by &z = -88965 5 = -3-934 x 10-(radians).
(34) * The numbers given in the last two lines of (31) are not exact, but they are correct within 0-0005.
Corresponding with (33) we have XB = -XH = 0-700 X 3500 = 2450 lb.
-Xc = XK = 3500 lb-Yb = -Yc = Yh = -Yk -525 1b.
Similar calculations give the " block rotations" required for liquidating the resultant moments which remain. At the end of this series of opera tions we are left with unbalanced forces (on the constraints) as shown in fig. 7 . 29-The imposed rotations have eliminated the unbalanced couples, but they have brought new shearing actions into existence. These may now be " liquidated " by imposing new " block displacements " in the manner of § § 23-24. Thus the block of four bays which lies to the right of the cut shown by a broken line in fig. 7 is subjected to a total shearing action of 1350 lb. in a direction opposite to Oy: this action may be neutralized by permitting a block displacement fig. 6 , we see that the combined effect of imposing the block rotations of § §26-28 and the " block displacements" of the last paragraph has been to reduce the horizontal forces in the ratio 0-15: 1, leaving the vertical forces unchanged: thus the two series of relaxations have served to liquidate 85% of the horizontal forces shown in fig. 6 , and it follows that if the displacements permitted in each series had been multiplied in the ratio 1/0-85, or 1-177, the horizontal forces would liquidated, leaving only the forces shown in fig. 9 . These may be treated by the routine methods of " joint (as distinct from block) relaxation " .
A relatively small change in the data of the problem (viz. partition of the vertical load between joints F and N in equal shares) would have left us at this stage with an exact solution. Although it will only occasionally lead to results of this accuracy, the device employed in this paragraph will often provide a short cut to results which in the routine method would have come only from a lengthy process of approximation. D isplacements R esulting from " Block R otations " 31-In using " relaxation methods " it is necessary to keep an account of the displacements imposed, in order that the strains in the framework may be known. The procedure has been described ( § 17) in relation to " joint relaxations ", and is obvious in relation to " block displace ments " ( § § 21-24). In permitting " block rotations " , we have to calculate the resulting displacements from (19) 32-Part I has dealt only with " primary " stresses-with frameworks made simpler by neglect ( § 1) of fixity at the joints. In real frameworks, if the members are connected by stiff ( . rivetted or welded) .joints, additional or " secondary " stresses come upon them by reason of the flexural and twisting actions which are thus brought into play.
The practical importance of these additional stresses will depend upon the flexural stiffness of the members in relation to the stiffness which the framework would have if its joints were free. In extreme cases (steel framed buildings, or trusses of Yierendeel construction) the framework derives all of its stiffness from the fixity of the joints, and a skeleton diagram deduced in accordance with § 1 would not constitute a stiff frame but a mechanism. Account must then be taken of the fixing moments, and on this understanding the framework is (in general) highly redundant.
A pplication of the M ethod of R elaxation of Constraints
33-
The problems presented are intricate, and detailed discussion must be reserved for a later paper. Their novelty comes from the fact that a strained configuration is no longer determined by the " joint displace m ents" considered in this paper: joints may rotate, and in so doing they will impose couples tending to bend or twist the adjoining members.
Every joint, therefore, now has six instead of three degrees of freedom, and in applying the ideas of " joint relaxation " ( §7) we must visualize a corresponding elaboration of the constraints. Further, since the members have flexural stiffness, we no longer have to assume that external forces act only at the joints; for a member can sustain transverse forces and transmit them to the constraints, partly as forces and partly as flexural or torsional (" clamping") moments. We have now to think of the constraints as controlling both the positions and orientations of the joints; and we can permit a partial relaxation of one constraint (all others being held fixed) either as a translation in any convenient direction or as a rotation about any convenient axis. In either event we can arrange that the constraint is relieved, and loads transmitted to the frame work, in such a way that the elastic strain-energy is increased.
As before, the relaxation can be imposed in any order,-the aim through out being to store as much energy as possible in each stage; and the essence o f the method is that, only one joint being relaxed at a time, the effects o f such relaxation can be calculated by simple numerical operations. The procedure by which external actions are " liquidated " will be exactly similar to, though (in the general case) more elaborate than, that described in § 8.
A pproximate Independence of the " Primary " and " Secondary " Stresses % 34-We shall not in this paper attempt to work out an extended notation and technique of the kind given and applied in § § 9-17. The nature of the problem will be evident, and all that is needed here is to point the directions in which simplification will be possible.
A relaxation involving only rotation of a constraint will involve no change* in the lengths of the constituent members, and hence no change in the " primary " stresses ( § 32); but it will, on the other hand, involve shearing forces in the attached members, of which the " far " ends are assumed to be held fixed during the relaxation. In this way rotations will affect the residual forces; and displacements similarly, by imposing shearing actions on the members affected, will modify the residual couples. Accordingly the six degrees of constraint at a joint are, strictly speaking, interdependent; but in practice, on account of the slight resistance which a member offers to transverse displacement in comparison with its resistance to an extension of the same amount, it will often happen that this interdependence can be neglected without undue loss of accuracy. On this understanding we shall have two distinct systems (they may be termed " primary " and " secondary ") of constraints, of " relaxa tions " and of residual actions, and the labour involved in a solution will be very largely reduced.
This, in effect, is the argument which justifies the customary practice whereby " primary " stresses are first calculated on the assumption that all joints are free, and " secondary " stresses are then investigated on the assumption that they do not affect the joint displacements. It suggests that the methods of this paper may be employed to find the tensions and compressions in the constituent members, and that secondary stresses may be investigated subsequently on the assumption that joint displacements are prevented, so that joint rotations are the only movements which can occur. In relation to steel-framed buildings, etc. ( § 32), the first part of the calculations will usually be simple. Special F eatures of the R elaxation M ethod as A pplied to " Secondary " D eflections 35-Let us suppose that the framework in question is such as to justify this separation of " prim ary" and " secondary" effects. Then, for the first part of the problem, the methods of this paper will apply. Now consider the consequences of " joint rotation " on a member which lies in the plane of rotation, and accordingly is bent without twisting. We have the circumstances shown in fig. 10 , A being the joint which rotates (through an angle cj*) and B the joint which is held fixed. Initially,, the central line of the member lies along A B : after the rotation, it must (cf. fig. 10 ) (a) pass through A and B, ( b) be tangential at B to the line AB, (c) be tangential at A to the line AC, which makes with AB an angle s v Let Ma, Mb be the terminal couples required for equilibrium. N o axial forces are involved, since the length of the member is (to the first order) unaltered by bending; but shearing forces V, V must be exerted on the member at A and B, in view of the signs of the terminal couples,, which will evidently be as indicated in the diagram. We have v . I = MA + Mb, (i) / denoting the length AB.
The 
From (37)* we have the resistance opposed by AB to the " joint rota tion", and from (38) the couple transmitted to the fixed joint B.
36-Equation (38) has a very important significance. For whereas in a relaxation of the type considered in § 7 (" joint displacement") any force taken off the constraint at A is transferred unchanged to the neighbouring jo in t B, equation (38) shows that in the kind of relaxation now con templated (" joint rotation "), when a couple MA is taken off the constraint at A, only half o f that couple is transferred to B by AB.f The total couple " liquidated " by rotation of the joint at A is the sum of all such couples as Ma, exerted by members which are connected at that joint. We now see that this total will not (like a residual force liquidated by joint dis placement) be distributed unchanged among the adjacent joints : only one-half of it will be so distributed, the other half will go out o f existence forthwith.
* Or from the corresponding formula when B is variable. t It is transferred ; write its sign reversed; but this fact does not affect the iargument which follows.
The paradox is explained if we take account of the shear force V, which has no parallel in ''joint displacement." The vanished part of the couple at A has not really ceased to exist, but has been transmitted as two equal and opposite forces, applied at A and B : as such, however, it may be neglected on grounds which have been explained in § 34. The conse quences are highly important; for whereas the residual forces of Part I could disappear only by meeting and cancelling forces of opposite sign, residual couples in stiff-jointed frameworks will decrease in every stage in the process o f relaxation. The argument from strain-energy ( § 7) will apply with equal force in this instance; but it will no longer state the sole reason why our method should lead quickly to approximate results. R elation of the R elaxation M ethod to the " M oment-D istribution M ethod of Professor H ardy Cross 37-A reader conversant with the " Moment-Distribution Method " o f Professor Hardy Cross will have realized that the method outlined in § 35, to which we have come by a natural development of the ideas of Part I o f this paper, is in essence precisely equivalent. The question is therefore presented whether those ideas are new.
Professor Hardy Cross explained his method in a beautifully concise paper read before the American Society of Civil Engineers in 1929.* It has attracted much attention in U.S.A., where steel-framed construction is common, but less in England; and I did not become conversant with it until 1933, when a short accountf was presented to the Aeronautical Research Committee by Professor J. F. Baker and Mr. A. G. Pugsley_ Like the original paper of Professor Hardy Cross, this account was con cerned almost exclusively with the effects of stiff joints in frameworks; and it did not at the time suggest the idea of using similar methods to investi gate pin-jointed but highly redundant frameworks.
Recently I have been preparing for press an introductory text-book on the Theory of Elasticity in which considerable stress is laid upon con siderations of strain-energy; and it was in preparing the section which deals with redundant frameworks that I first conceived (consciously) the notion of " systematic relaxation."^; The basic idea has been explained
